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THE SPACE OF INVARIANT FUNCTIONS
ON A FINITE LIE ALGEBRA

G. I. LEHRER

ABSTRACT. We show that the operations of Fourier transform and duality on
the space of adjoint-invariant functions on a finite Lie algebra commute with
each other. This result is applied to give formulae for the Fourier transform of
a “Brauer function”—i.e. one whose value at X depends only on the semisim-
ple part Xs of X and for the dual of the convolution of any function with
the Steinberg function. Geometric applications include the evaluation of the
characters of the Springer representations of Weyl groups and the study of the
equivariant cohomology of local systems on G/T, where T is a maximal torus
of the underlying reductive group G.

1. INTRODUCTION AND NOTATION

Let G be a connected reductive group defined over the finite field IF; and let
F : G — G be the Frobenius endomorphism associated with the Fg-structure on
G. Let & = Lie G be the Lie algebra of G. Then there is an induced action of F' on
®. The group G acts on & by means of the adjoint representation and we denote
by Ad(g) the linear transformation of & corresponding to g € G. For any variety
V upon which F acts, if S is an F-stable subvariety of V', we denote by S the set
of F-fixed (or F,-rational) points of S.

With this notation, if g € G¥ then Ad(g) stabilizes the F,-vector space &

(1.1) Definition. The space C(6) of invariant functions on & is the space of
functions f : & — C which are invariant under the action of G¥', i.e. such that
f(Ad(g)X) = f(X) for all g € GF and X € &F.

The principal source of interest in C(&%") has been its relevance for the character
theory of the finite groups G¥'. The work of Deligne and Lusztig [DL] showed that
a key to understanding this theory lay in the study of the values of characters on
unipotent elements. Springer [Sp3] has shown that there is a G-equivariant bijec-
tion: Guni — Gy from the unipotent variety of G (G acting by conjugation) to
the nilpotent variety of & (given certain restrictions on the characteristic). This
led to the study of nilpotently supported functions in C(&).

The main purpose of the present work is to prove that the Fourier transform
commutes with the duality map (Theorem 4.6 below) in the context of a general
structure theory for C(®), and to give applications of this theorem and other
results to the theory to Green functions and other “character formulae” in C(&%).
One of the applications ((7.13)) gives the trace of F' on H}(7x,S.) where S, is a
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certain f-adic local system (see (7.11)) on the subvariety Tx of the variety 7 of
maximal tori of G. This suggests a definition of a “Steinberg character” for real Lie
groups and also suggests some results on Euler characteristics of certain subvarieties
of the variety of maximal tori of a real Lie group.

The key to these results is an operation F (the “Fourier transform”) on C(&%")
which has no counterpart in the group case. The definition of F imposes mild
restrictions (cf. [Spl]) on the characteristic because of the

(1.2) Assumption. There is a non-singular bilinear form ( , ) : & x & — F, which
satisfies

(i) (,) is defined over F, and

(i) (,) is AdG-invariant, i.e. for g € G,(Ad(g) X, Ad(g) Y) = (X,Y) for all
X,Y € ®.

This paper is organised as follows. In §2 we discuss the elementary properties
of C(&%), including the inner product, restriction and induction maps and convo-
lution. In §3 we discuss the duality operation D : C(&¥) — C(6T) introduced
by Kawanaka ([K]) in the context of C(&") and by Lusztig and Curtis-Alvis [C]
in the group context. The results depend on a Lie algebra analogue of a “Schur-
Zassenhaus”- type conjugacy result (cf. (3.7) below) and involve a discussion of the
space of “Brauer functions” on &% including its relationship with the Steinberg
function on &

Section 4 deals with the Fourier transform F : C(&%) — C(&%). After a general
discussion of its properties we prove

Theorem 4.6. Let D be the duality operation on C(®T) and let F be the Fourier
transform on C(&). Then D F = F D.

In §5 we give applications of the foregoing results to the computation of certain
character values. Among other things we recover Springer’s result that FSts =
q"/?no (where 7 is the characteristic function of the nilpotent set of &) and give
a general formula for the Fourier transform of a “Brauer function” (one which
satisfies f(X) = f(X,) for X € &) on &F. In §6, we give a “closed formula”
for the Green function Q,(X) = 3, tr (wF, H*(Bx,Qy)) as a rational multiple
of &g, * Ste, where £g, is the characteristic function of the orbit of the regular
semisimple element S, € & and * is convolution in C(&1).

Finally in §7, we interpret some of our formulae in terms of the trace of Frobenius
on HX(V,S.) where V is a subvariety of the variety 7 of maximal tori of G and S.
is a certain irreducible local system on V. The results in this section have obvious
analogues for real Lie groups and we shall address that situation elsewhere.

2. THE SPACE C(67)
In this section we review some of the elementary properties of C(&).

(2.1) Definition. For f,g € C(&!) define the positive definite non-singular Her-
mitian form (, ) = (, )gr by

(fr9) = 1GTI71 S FO09(X).

Xesl
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Let H be a closed F-stable (i.e. rational) subgroup of G. Even if H is not
connected and reductive, we may speak of the inner product space C($") (where $
= Lie (H)). Since ) is a subalgebra of & (identified as derivations which annihilate
the ideal of H) we have the maps

Res§ : C(6") — C(9")
given by restriction of functions and

Ind§ : C(9") — C(&")

defined by
(2.2) Imdf(X) = [HF|70 Y f(Ad(g)X)
Ad(‘?qf)c(:ZﬁF

(for f € C(H7), X € &7).

A simple computation shows that Res and Ind are adjoint with respect to the
inner products on C(&%) and C(H!") respectively, i.e.

(2.3) For f € C(&7), g € C(HT) we have
(Res§ f,9)gr = (f,Indgg)er
In addition to pointwise multiplication of functions in C(&%), which will be

denoted by juxtaposition (fg(X) = f(X)g(X) for f,g € C(8T), X € &), we have
convolution defined by

(2.4) For f,g € C(&%) define the convolution product f * g by
[rg(X) =872 3" f(X =) g(Y)
YesF
(f.gec(®”), X e &)

The following properties are easily verified

(2.5) Lemma.

(i) Convolution is an associative and commutative product on C(®T"), with corre-
sponding identity element |&F |1/2¢,, where &5(X) = 1if X = 0 and &(X) =0
otherwise.

(ii) We have, for f,g,h € C(&T),

(fxg,h)=(f,9"*h)er

where g*(X) = g(—X)).

Let H, K be two closed F-stable subgroups of G. We then have the following
“Mackey formula” (see [Spl])
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(2.6) Lemma (Springer). With the above notation, write $ = LieH,R = LieK,
and assume that for any element g € GI', Lie (K N9 H) = AN Ad(9)9.
Then for f € C(9HT), we have

Ad(9)H _
Res%5 o Indgf = Z IndﬁnAd(gm o Resﬁm(jgl(g)y)(f o Ad(g)™h).
geK\G/H

Most properties enjoyed by group characters also apply in C(&"). We mention
one which we use below.

(2.7) Lemma. Let H be a rational closed subgroup of G, $ = Lie H. Let f €
c(6), geC(Hf). Then Inclg(l:{es%s f-9) = fIndg(g).

3. HARISH-CHANDRA INDUCTION AND DUALITY

Let P = LU be an F-stable Levi decomposition of the F-stable parabolic sub-
group P of G. Let B = £ + U be the corresponding Levi decomposition of
B = Lie (P).

(3.1) Definition.
(i) The truncation map T8q : C(&") — C(LF) is defined by

oo/ (X) = W70 Y F(X +Y)

Yeur
(f ec(el), x e £F).

(ii) The Harish-Chandra induction map pS g : C(LF) — C(&) is defined by
pReqpg = IndRg, where g € C(PF) is given by g(X +Y) = g(X) (X €
eF Yy e uf g ec(eh))

(3.2) Lemma. The maps Tgcm and pgcgp are adjoint with respect to the inner

products ( , gr and (1, )gr on C(&F) and C(LF) respectively.

Proof. Let f € C(&%) and g € C(£F).
Then

(fsPReqpg)er =G |7 Y f(X)indRg(X)

Xeor
=GP Y0 A(x) D> §(AdeX).
rze®F zeGgF

AdzxepF

Reversing the order of summation, the latter becomes

GFITHPEITE Y S f(AdeX) §(AdzX).

z€GF XeAdx—1pF

The inner sum is clearly equal to |P¥|(78-y f,g)cr for each x € |GF|, which
proves the result. O
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(3.3) Proposition. The maps TSC;B and pgcm are independent of B; i.e. given L
and two F-stable parabolic subgroups P; D L and P, D L, we have Tgcml = TSC%
where P; = Lie(P;) (i = 1,2) and similarly for p.

Proof. By (3.2) it is clearly sufficient to prove this for p, since by the non-degenerate
nature of (, )er, if p8gy, = plcy, We have, for any f € C(&") and g €
C(£F>7 (Tg@pl f7 g)EF = (f7 chmlg)eﬁ = (f7 pgcfng)QﬁF = (Tg@pz f7 g)EF' Thus
TSC‘Bl = TSC‘Bz'

To prove the result for p one can proceed exactly as in the proof of the correspond-
ing result for the group case (see [DM], Proposition 6.1, page 57) since the argument
used there utilises only the Mackey formula which is available here ((2.6) above).
This is used to show that for f € C(&%), (08, f,pEcp, f) = (PScp, frPEcp, ) =
(pgCq32 /s pgc% f) which by the non-degenerate nature of (, )gr gives the result.

Alternatively, the argument of [HL] may be adapted to the present situation. O

In view of (3.3), we shall henceforth write 7§ for 78, etc.

Next, we define (following Kawanaka [K] in the Lie algebra case and Lusztig,
Curtis and Alvis in the group case) the “duality map” D : C(&%) — C(&T).
Let T be an F-stable maximal torus of G which is contained in an F-stable Borel
subgroup B. Then any parabolic subgroup P D B contains a unique Levi subgroup
Lp D Ty.

(3.4) Definition. Let Ty C B be as above. For f € C(&%), write

Df — § (_1>n(P)ng o ngpf
PDOB
FP=P

where £p = Lie(Lp) and n(P) is the semisimple F,-rank of P.

(3.5) Proposition (Kawanaka [K, §4]).
(i) The linear map D is an isometry with respect to the inner product (, )k.
(ii) D is an involution, i.e. D* = idc(gr).

(3.6) Proposition (Springer [Spl]). Denote by Ste the “Steinberg function” on
&1 defined by Sty = Dlg, where 1s(X) =1 for all X € &F'. Then Ste has values
given by

0 unless X is semisimple

Ste(X) =
o(X) {6(X)|CG(X)OF|p if X is semisimple

where n, denotes the p-part (p a prime) of the integer n,p is the characteristic of
F, and e(X) = (=1)"(@=r(Cc(X)*)) (r(H) denotes the Fy-rank of the F,-group H.)

This was proved by Springer [loc. cit.] as an application of the results of [CLT].

A key property of the map D will be a consequence of the following “Schur-
Zassenhaus”- type result for Lie algebras, which is the Lie algebra analogue of a
known result for groups (cf. [L2] or [MS]).

(3.7) Proposition. Let P = LU be a Levi decomposition of the parabolic subgroup
P of the connected reductive group G. Let 8 = £ @ U be the corresponding decom-
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position of its Lie algebra and let X € £, N € Y. Then (X + N), = Adv(Xy) for
some v € U.

Proof. By Borel [B], (14.16) there is a Borel subgroup By, = TV of L such that
X, € Lie(T) and X,, € Lie(V). Then B = BL,U =T.VU is a Borel subgroup of G
and its Lie algebra splits as Lie(B) = Lie(T) @ Lie(V) @ 4.

Now (X + N); is a semisimple element of Lie(B), whence (X + N)s = Adv(Y),
for some Y € Lie(T) and v € VU. But the map p, : T — VU defined by
po(t) = t~totv™! has derivative (—idp;e(r) + Adv) : Lie(T) — Lie(VU). Hence
Adv(Y) =Y € Lie(VU), whence X + N = (X + N); + (X + N),, € Y + Lie(VU).
However we also have X + N = X, + X,, + N € X, + Lie(VU), so that Y = X,.
Now in the above argument, L may be replaced by C(Xs). This shows that the
element v may be taken in U. O

(3.8) Definition. Define two subspaces of C(&%") as follows:
C(B) s = {f €C(BT)|f(X) =0 unless X = X,}.
B(&") = {f € C(&")|f(X) = f(X;) for X € 87}

(3.9) Corollary. Let G be such that Cq(X) is connected if X is semisimple. Let
P = LU be an F-stable Levi decomposition of the parabolic subgroup P of G, and
suppose b € B(&F). If £ = Lie L and X € £F, then for any element f € C(&F),
we have 78 (bf)(X) = b(X)79 f(X)

Proof. We have

TEONHX) =147 D (X +Y)
Yeur
=T D0 M(X +Y)) X +Y)
Yeur
since b € B(&F).
But by Theorem (3.7), if Y € (¥, then (X +Y); and X, are in the same AdG-

orbit. Moreover since C¢(X) is connected, this implies that they are in the same
AdGYT orbit on . Thus b((X +Y),) = b(X;) = b(X), and the result follows. O

(3.10) Theorem. Let f € C(B) and b € B(&) as above. Then

D(bf) = bDF.

Proof. We have, in the notation of (3.4),

(3.10.1)
Dbf) = Y (=1)"P) p o (bf)

POB
FP=P

= > (=1)"P) pEResfb-7f)  (by 3.9).
PPLp
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But (in the notation of (3.1) (ii)) if X € £ and Y € U,

Res@b- 78 (X +Y) = b(X) 78 f (X + V)

(X) r8f (X +Y)

(X4Y))t8f (X +Y) (by 3.7)
(

X+Y)r@2f (X +Y).

Hence Res@b- 78f = Resfb- ;gjvﬁ whence by (2.7), Indg (Res@b- 78 f) =
b- Ind%(Tgf).

The result now follows by substituting this latter result into the right hand side
of (3.10.1). O

(3.11) Corollary.
(i) Letbe€ B(&). Then Db=1b- Ste.
(ii) The map D induces an involutive isometric isomorphism between the spaces

B(&Y) and C(&)4s.

Proof. For (i), take ¢ = 1g in (3.10). The statement (ii) is clear from (i) and
(3.6). O

(3.12) Proposition. Let b € B(&) and f1, fo € C(&F). Then
(f1f2,0) = (Df1-Dfa,b).
Proof. We have

(fLf2,0) = (f1, f2b) = (Df1, D(f2b))
= (Df1,D(f2)b) by (3.10)
= (Dfl . DfQ, b) since (DfTQ) = (DfQ) O

(3.13) Proposition. Assume that for X € &L, Cg(X) is connected. Let f1 and

587

fo €C(BT) and let S be a semisimple element of &'. Then

Y. A +N(S+N)= Y DA(S+N)Dfo(S+N)

Negkl Negl

nil nil
where £ = Ce(S) (= Lie(L), L = Cg(X)°) and £, is the nilpotent set in £.

Proof. Define ng € B(&T) (cf. (5.1) below) by ns(Y) = 1 if Y; is the GF-orbit Og
of S and ng(Y) = 0 otherwise. Note that A = {Y € &Y, € Og} is a disjoint
union: A = HXEOS Ax, where Ax = {Y € A|Y; = X}.
Moreover each set Ax is GF'-conjugate to Ag = {S+ N|N € £ 1.
Now let f € C(&1). Then

(3.13.1) (s, /) =1GTI7L Y r() =167 17 Y0 Y fy).

YeA XeO0sYeAx
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Since f is AdGF-invariant and the sets Ax are AdGY-conjugate, each inner
sum Yy 4 f(Y) is equal to Yoy 4, f(Y). But |Og| = |GF[|LF|~!, whence from
(3.13.1) we obtain

(3.13.2) (ns, f) =I1L"I7" Y f(S+N).

Negl

nil

Next observe that since ng € B(&), we have (ns, f1f2) = (ns,Df1 - Df2) by
(3.12). Putting f = f1f2 and f = Df1Dfs respectively in (3.13.2) gives the stated
equation. O

(3.14) Corollary. Let f € C(&T) and S € &L, with £ = Cg(S). Then
> S+ N)=Df(S)Sts(S).

Proof. This follows immediately, taking f; = f and fo = 1@ in (3.13). d

We conclude this section with two analogues of the properties of the map cor-
responding to D in the group case, whose proof requires only the Mackey theorem
(cf. [DM, §8]).

For any algebraic F-group H, write e(H) for (—1)") where r(H) is the F,-
rank of H.

(3.15) Proposition.
(i) Let &, P = £ d U etc. be as above. Then Dg o p& = p& o Dg and dually
Tg oDg :DQOTS.
(i) Let X € & and write £ = Cy(Xs).
Then for any element f € C(&Y), we have

D f(X) = e(G)e(Ca(Xs)?)(Dg o Resg f)(X).

The proofs of these statements are exactly the same as in the group case (see
[DM, §§8.11, 8.16)).
4. THE FOURIER TRANSFORM

Let ¢ : IF;‘ — C* be a non-trivial additive character of Fy, fixed throughout
this work.

Definition. The Fourier transform Fg = F : C(&%) — C(®) is defined by

FHX) =[&"72 3" (X, Y)f(Y)

YesF

(fec(®"), X ed”)
where ( , ) is the form on & postulated in (1.2).

The following properties of F all follow from simple calculations.
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(4.2) Lemma.

(i) F is an isometry of C(®T) with respect to the form (, ) of (2.1).
(i) F2f = f~, where f~(X) = f(=X) (for f € C(&F), X € &T).
(if]) F* = id.

(iv) F(f*g)=Ff-Fg (for f.g €C(&")).

(v) F(f-9)=Ff*Fg (for f,g €C(&")).

Proof. The proofs of (i), (ii) and (iii) are straightforward calculations.
(iv) Let f,g € C(&%) and X € &, Then

F(f#g)(X) = 67712 3" (X, V) f +g(Y)

YesF
= |&7[72 N (X Y)SF|TVE YT F(Y - Z)g(2)
YesF Zesl
=677 > DX, 2)9(2) Y $((X,Y = Z2)f(Y - Z)
Zesl Yesr
= 6772 3 (X, 2)9(2) Ff(X)
ZesF

=Ff(X) - Fg(X), as stated.
(v) Note first that for any pair a,b € C(&!"), we have, by a simple application of
(ii) above,
(4.2.1) F2(a*b) = F?ax F?b.
Now apply F3(= F~1) to both sides of (iv) above, obtaining

FUfxg)=frg=F(Ff-Fg).
Applying F? to both sides yields

(4.2.2) FA(f*g9)=F(F[-Fg)
=F2f+xF2g  (by (4.2.1)).

Writing a = Ff and b = Fg in (4.2.2) gives F(a - b) = Fa * Fb. O
(4.3) Lemma. Suppose X is a semisimple element of &. Then the restriction of
the form (,) er (cf. (1.2)) to Ce(X) is non-singular. If X € &F it is defined
over F,,.

Proof. 1t follows from Borel [B, pp. 225 and 321] that Cs(X) = Lie (Ce(X)°). If
T is a maximal torus of Cg(X)?, it follows from (e.g.) [BT] that

Co(X) = Lie(T) & Y &,

acedx

where @y is the set of roots a of G with respect to T such that dw(X) = 0 and &,
is the root subspace of & corresponding to a.

Suppose 3 is aroot not in ®x. By the AdG invariance of { , ) &, B3 is orthogonal
to Lie(T') and to each subspace &, (« € ®x). It follows that & has an orthogonal
direct decomposition.
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(4.3.2) 6=Ce(X)L > &5
BEP\Px

where ® = ®(G, T) is the set of roots of G with respect to T

Hence any element £ € C (X) in the radical of the restriction of { , ) to Ce(X)
is in the radical of { , ) &, which by hypothesis is zero. Hence ( , ) is non-degenerate
on Cg(X). If X € & then Cg(X) is F-stable and the restriction is defined over

F, since (, ) & is. O
If L is any subgroup of G of the form L = Cg(X)°, where X € & is semisimple,
then L is connected and reductive, and we write (,)s (£ = Lie (L)) for the

restriction of ( , )e to £ = Ce(X). If X € & then ( , ), satisfies the requirements
of (1.2) and hence we have a Fourier transform

(4.4) Fe:C(LF) — c(eh)

which enjoys all the properties of (4.2). Note that these remarks apply particu-
larly to the case where P = LU is an F-stable Levi decomposition of the F-stable
parabolic subgroup P of G.

(4.5) Theorem. Let G be a connected reductive group over F,, with corresponding
Frobenius endomorphism F : G — G. Let P = LU be an F-stable Levi decompo-
sition of the rational parabolic subgroup P of G.

Let & = Lie (G), £ = Lie (L) etc., and let p§ : C(&£F) — C(&F) and 79 :
C(6F) — C(LF) be the maps discussed in (3.3). Then with the above notation,
we have

(i) 78 0 Fp =Feor8 and

(i) Fe op%S = pg oFg.

Proof.
(i) Let f € C(&%). Then for X € £,

78 o Fe f(X) = [U|7N Y Fef(X+Y)  (where 4= Lie (U))

Yeur

=T YT Y (X Y, 2))[(2)
Yeur Zesl

= [&" 2T ST R((X, 2)f(2) Y B, ).

Zesl Yeur

But Yy cqr (Y, Z)) = 0 unless (Y, Z) =0 for all Y € 4 (since ¥ +—
¥(({Y, Z)) is a character of the additive group of Uf), i.e. unless Z € (UF)+
(the orthogonal subspace of 4). But i is the radical of (, ) restricted to
B = Lie(P) (cf. [Spl]), whence by dimension, 4+ = B, so that (UF)F = PBF.
It follows that

{o if Z¢ PpF,

2 (Y. 2) = UF|if Z € PF.

Yeur
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Hence
8 o Fe f(X) = 67712 Y " w((X, 2))f(2)
Zepr
=677 3" p((X,2)) Y f(Z+Y)
Zegl Yeur
=772 > w((X, 2))r8 £(2)
ZegLF

= Feog f(X)

since |&| = |£F||uF|2.
(ii) This may be proved by a direct computation. Alternatively, one may use (i)
as follows. First observe that repeated application of (i) gives

T 0 Ft = Fhorg fori=1,23,

In particular, taking ¢ = 3 and using (4.2) (iii), it follows that (4.5.1) holds for
1 = —1 and hence for any i € Z.

Now take f € C(£F). To prove (ii), it will suffice to show that both sides of
the equation, applied to f, have the same inner product with an arbitrary function
g € C(&T) (by the non-degenerate nature of (, )gr).

Let g € C(6T); then

(Fo 0 pR(f):9)er = (0€(f), Fg (9))er by (4.2)(i)
=(/, Ts O]: H9))er by (3.2)
(5 o2 (g))er by (45.1)
= (Fef, 78 (9))er
= (p§ o Fef,9)er
Since f € C(£F) and g € C(&!) are arbitrary, the proof is complete. O

It is now a simple matter to prove

(4.6) Theorem. With notation as in (4.5), the isometries D and F of C(&%)
commute.

Proof. We have in the notation of (3.4)

(4.6.1) FD = Z (—1)"P) Fopl ord.
PDB
FP=P

But for any rational Levi subalgebra £p, we have

Foo0pg, oTe, = pe, 0 Fep oTg, by (4.5)(ii)
= P&, oTg 0 Fo by (4.5)(i).

It follows that FD = DF. O
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5. APPLICATIONS

(5.1) Definition.
(i) For any element X € &' define £x € C(&) by

{ 1 if Y is in the AdGF-orbit of X,

Y =
&x (V) 0 otherwise.

(i) If X € &L, (the set of semisimple elements of &), define nx € (&) by
1 if Y, is in the AdGF-orbit of X,
nx(Y) =

0 otherwise,
where Y =Y, +Y,, is the Jordan decomposition of Y.

With this notation, &y is the function supported on {0} C &%, consistent with
the notation of (2.5). Observe also that 7 is the characteristic function of the

nilpotent set Qﬁgﬂ in &%,

(5.2) Proposition (Springer [Spl]). Let r = rank(G) and 2N = |®| where ® is
the set of roots of G with respect to the mazximal torus T (cf. proof of (4.3)). Then

FSte = q"?np.

Proof. We have (cf. (3.6)) St = Dlg. Hence FSts = FD(lg) = DF(1lg); more-
over an easy calculation shows that Fle = |&7|1/2¢,. Thus FSte = |67 |1/?2D¢, =
|&7|1/200Ste (0)~F (by (3.10)). By (3.6), St (0) = ¢V, while |&F| = ¢?N*", which
completes the proof. O
(5.3) Corollary. We have, for any X € & Stg(X)=q VN Yyesr, VX, Y)).

Proof. Since FSte = ¢"/?ny, we have F2Ste = ¢'/?>Fny. But F2Stg = Ste~ =
Ste by (3.6), and the stated formula follows. O

(5.4) Corollary. Let C(&),;; be the space of nilpotently supported functions in
C(6%). We have F(C(&F),) = Ste » C(&T).

Proof. Clearly C(&%),; = no-C(&). But for f € C(&), F(no-f)=Fno*xFf =
¢ "/?Ste * Ff. Since f is arbitrary, the result follows. O
(5.5) Corollary. We have F(C(&T),) = no  C(&T).

Proof. Any function in C(®¥),, is of the form f = Stg - g for some g € C(&T).
One now argues as in (5.4). O

The following result is a sharper version of the last two statements.

(5.6) Theorem. Let G etc. be as above and let D be the “duality” map of (3.4).
With the above notation, we have, for any f € C(&)

(i) D(no - f)=mno-Df,

(ll) D(St@ * f) = St@ * Df
Proof.

(i) Take b = 1o in Theorem (3.10). The result follows immediately.

(ii) Apply F to the equation (i) above:
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(5.6.1) F(D(no - ) = F(no - Df) = ¢"/*Ste * FDf by (5.2).
Using Theorem (4.6), we obtain
(5.6.2) D(Fnog « Ff) =D(q""/*Ste « Ff) = q"/?Ste « DF .

—r/2

Dividing by ¢ and replacing F f by f gives the stated result. (]

The next result generalises (5.2).

(5.7) Theorem. For any semisimple element S € &', write wg for the orthogonal
projection from & to Ce(9)F (cf. (4.3.2)). Then with notation as in (5.1) we have

Fns(X) = gV Stey (s (ms (X)) Fés(X)

where N(S) is the number of positive roots of Cq(S)° (with respect to a mazimal
torus).

Proof. We have

Fns(X) =[&" 712 3" (X, Y)ns(Y)

YesF

=B772 N Y (XY +2)

YeOs zeCs (Y)E

nil

(in the notation of the proof of (3.13))

=772 Y Y (X Y)Y (X, 2)).

YEOs zeCe (YV)F

nil

But by (5.3), we have for any Y € Og

Y UK, 2) = ¢V Stoy vy (v (X))
ZeCes (Y)F

nil

Moreover if Y = Adg S (g € G'), since { , ) is Ad G-invariant, we have my (X) =
Adgrs(X) and Stog vy = Stog(s) © Ad(g~1). Tt follows that for each Y € Og,
Stoe (v)(Ty (X)) = Stog(s)(ms(X)).

Substituting into the above expression for Fng(X), we obtain

Fns(X) =" 72N St oy 5y (ms(X)) D »((X, V)
YeOs

= ¢V Stc, () (ms (X)) Fs(X). u
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(5.8) Corollary. In the notation of (5.8), we have Fns(X) = 0 unless mg(X) is
semisimple.

As a further application of these ideas, observe that the result [Lu2, (8.5)] of
Lusztig (which generalises (4.2.1) of [K]) asserts that for certain f € C(&%),,;, one
has

(5.9) Df =c(f)Ff-mo

where ¢(f) is a constant depending on f.
The following statement is a simple consequence of (4.6) and (5.6).

(5.10) A function f € C(&Y) satisfies the condition of (5.9) if and only if
Ff=q"?c(f)"'Df * Ste.

6. APPLICATION TO GREEN FUNCTIONS

We assume for simplicity in this section that G is F-split and that Cg(X) is
connected for X € &,,. Recall [L1, §5] that we have a “rational classification”
of the semisimple orbits of &%, which associates to the orbit of X € &I, the
conjugacy class w(X) in W which corresponds to the G¥-class of maximally split
tori of Ca(X).

Let S, be a regular semisimple element of & such that w(S,) = (w) (for
w € W, we write (w) for the W-conjugacy class of w € W). Then &g, is (cf. (5.1)
(i) the characteristic function of the G¥-orbit of S,. Springer [Sp2] has studied
(geometrically) the functions F¢g, and proved in particular that
(6

1)

(i) The function Fé&s,, - no depends only on (w) (and not on Sy,) (recall that ng
is the characteristic function of &L.).

(ii) The function Q. = e(w)q™/>F&s,, -no is the “Green function” of GF (defined
on &) corresponding to the G¥-class of rational tori of G parametrized by
the class (w) C W. (Here e(w) is the alternating character € of W evaluated
atwe W.)

As a simple consequence of our main theorem, we have (cf. [K2, (3.2.9)])
(6.2) Proposition. We have, in the notation of (6.1), DQ. = €(w)Q-
€ BB nc(el),,.

Proof. Note first that since S, is regular semisimple, &g
Hence by (3.11), we have

w

(6.2.1) DEs,, = Ste(Sw)és,,-

Moreover by (3.6), Ste(Sy) = (—=1)"(@="(T) where T is the (unique) maximal
torus such that S, € Lie T. But (see, e.g. [L, (5.5)]) (—1)"(@~"(T) = ¢(w), whence

(6.2.2) D¢s,, = e(w)s, -
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It follows that

e(w qT/Q’D(}'ﬁsm 0)

(w)
= e(w)q"”* D(F&s,) Mo by (5 6)(i)
= e(w)q""* F(DEs,) 1o by (4.6)
= e(w)q"? Fle(w)és,,) - mo by (6.2.2)
= (W) Qu- O

(6.3) Definition. For X € &, define the variety Bx = {B’ € B|X € Lie B},
where B (2 G/B) is the flag variety of G (i.e. the variety of Borel subgroups of G).

It is known that the ¢-adic cohomology of Bx vanishes in odd dimension (for ¢
a prime not dividing ¢). Moreover Springer [Sp2] has shown there is an action of
W on the cohomology H*(Bx, Q¢) such that we have

(6.4) Proposition. Let X € Qﬁml Then the values of Q. are given by

Qu(X) = tr(Fw, H*(Bx, Q).

i>0
This statement is Theorem (4.4) of [Sp2] (see also [Sh, (13.2.1)]).

(6.5) Definition. Define Q. € C(6%) by Qu(X) = Yo tr(Fw, H*(Bx, Q)
(any X € &T).

Observe that Qu = Qu - 70 (o as in (5.1) (ii)).

The functions éx =W Y wew X(w)Qu (for x an irreducible character of W)
may be interpreted as the characteristic functions of certain admissible complexes
of sheaves on & (see [Sh, §§13, 14]). There is a notion of Fourier transform for
Qe-sheaves (see [Sh, §16]), and it is not difficult to show that up to a scalar, the
characteristic function of a Fourier transform is the Fourier transform of the original
characteristic function ([Sh, (16.2.1)]).

These considerations lead to the following result, which is essentially due to
Brylinski and Kashiwara (cf. [Sh, (17.7)]).

(6.6) Proposition. With the above notation, we have, for x an irreducible char-
acter of W,

(1) fQX - QEX Mo-
(ii) Forw € W, we have

f@w = e(w)qr/2Qw-

The statement (1) is a consequence of (17.7) and (16.2.1) of [Sh], while (ii)
follows from (i) in a formal way.

(6.7) Theorem. We have, with the above notation, for w € W
Qu =q"¢s, * Ste.
Proof. We have (from (6.1))

Qu = E(w)qT/2]:§Sw
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Taking Fourier transforms (and using (5.2)), we obtain
(6.7.1) FQuw = e(w)s,, * Ste.

But from (6.6) (ii), we have
(6.7.2) FQu = q"*e(w)Qu

(since clearly Qu(X) = Qu(—X)).
Comparing (6.7.1) and (6.7.2) completes the proof. O

(6.8) Corollary. Let Q,, € C(&F) be given by Qu(X) = S tr(wF, H* (Bx, Qy))

(any X € BF). Then DQy = e(w)Qu.

Proof. By (6.7), Q. is a constant multiple of &g, * Sts. But by (5.6) (ii) we have
D(&s,, * Ste) = DEg,, * Ste and we have seen above (6.2.1) that DEg,, = e(w)&s,, -

w

The result follows. O
(6.9) Corollary. For any X € ®F, Q,(X) is a rational integer.

7. GEOMETRIC CONSEQUENCES

In this section we interpret the results of §5 in terms of the cohomology of
certain subvarieties of the variety 7 of maximal tori of G. In order to do this, we
give expressions for St and for 7y (the characteristic function of &%) in terms of
the set of rational maximal tori of G. Let Tj be a maximally split maximal torus
of G. Write Ng = Ng(Tp). Then Ny/Ty = W = W(G,Ty), the Weyl group of G
with respect to Tj.

(7.1) Definition.
(i) Write T for the variety of maximal tori of G. Thus 7 = G/Np.
(ii) Denote by 7 : G/Ty — 7T the projection given by 7(gTp) = gTog~* = 9Tp.

Then 7 is an unramified covering map with fibre W.

The G¥-orbits on 7% are in canonical bijection with the F-conjugacy classes of
W (cf. [L1]). Hence for each T € T, we may speak of w(T'), the corresponding
F-conjugacy class of W. If x is an F-class function on W, we write

(7.2) X(T) = x(@(T)) (T eT").

In particular, this definition applies when y = €, the alternating character of .

(7.3) Proposition. We have, for X € & Stg(X) =" rerr (7).

Lie T3>X

Proof. Tf we write, for any Fy-group, 6(H) = (—1)Farak(H) then for T € TF with
w(T) = (w), we have §(T) = 6(G)e(w) (see, e.g. [L1, (5.5)]). Hence

YT =6(G) Y e(T)=6(G)gV by [L1 (1.12)].

TeTF TeTF
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Now for X € &, {T € T|Lie T 2 X} = {T € T|T C Cg(X)°} (see [B, pp.
225, 321)). It follows that

D 8(T) = 6(Ca(X)°)gV ).

TeTF
Lie T3X

Using the relation 6(T) = 6(G)e(T), we deduce that

(7.3.1) D e(T) = 6(G)8(Ca(X)°)gN .
TeTF
LieT>X
Comparing with (3.6) completes the proof. O

(7.4) Definition. Let y be any F-class function on W (i.e. y(wy wF (w;)) = x(w)
for all w,w; € W). Define o, € C(&%) by

ox(X) = Z x(T).
TeTF
Lie T3X

Then (7.3) may be expressed by o = Sts. Note that all the functions o, are
supported on &£

The following result is not essential to the main subject of this section. It may
be proved using the methods of [L1, §1].

(7.5) Theorem. With notation as in (7.4), we have
o = W7 Y x(w) Mmdg, (1)
weW
where T,, = Lie Ty, and T\, € T is of type (w).

This immediately implies the Lie-algebraic analogue of the result of Srinivasan
[St].

(7.6) Corollary. We have Ste = [W|™1 Y oy e(w) Indg (1).
(7.7) Proposition. In the notation of (7.4), we have, for X € &
Fo (X)=q"*N " x(T)
TeTE

where Ty = {T € T|(Lie T, X) = 0}.

Proof.
Fo (X) = 165712 3" (X, 7))oy (V)
YesF
=677 T w((X,Y) Y X(T)
YesF TeTF

Lie T3Y

=877V N x(T) Y x(XY)).

TeTF Y€ Lie T
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But the inner sum is zero unless T' € 7y, in which case it is equal to |(Lie T)'| =
q". Hence

Foy(X)=[&8"712¢" 3" x(T)

TeTf

=q"/?N Z x(T) as asserted. O
TeTE

Applying (7.7) to the case xy = €, we see
(7.8) Corollary. We have, for X € &%,

FSH(X) =q"*"N 3" ().
TeT¥

Combining (7.8) and (5.2), we obtain
(7.9) Theorem. Let X € &, Then

Z e(T) =

{ 0 unless X € &F
TeTh

nil
v fXed)y
We show finally that (7.3) and (7.9) have a geometric interpretation which points

to a generalisation to real Lie groups. For this we recall the following result of
Deligne [D, (1.1.1) p. 169].

(7.10). Let X be a separated scheme of finite type over F, and let S be a Qq-sheaf
on X, stable under the Frobenius map F : X — X. Then

Y tr(F.S) =) (-1)'tr(F, H)(X,S))

zeXF i
where S, is the stalk of S at x.

Now consider the sheaf 7,Q; = S on 7 (see (7.1) (ii)), where Q; is the con-
stant sheaf on G/Ty. This is a local system on T corresponding to the regular
representation of W.

(7.11) Definition. For any irreducible character x of W, let S, be an irreducible
summand of § which corresponds to x.
Thus Sy is a local system on 7.

(7.12) Lemma. Let € be the alternating character of W. Then the local system S,
is F-stable and for any T € T*, we have

tr(F,Ser) = €¢(T).

Proof. S is F-stable because € is F-invariant and the € - isotypic component of the
regular representation of W is canonical.

For the second part, observe that if T = gTog™t, 7= H(T) = {gwTy|w € W} and
so S..r may be taken as Qy Y wew €(w)gwTh.
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But (X, c(w)guTy) = ¥, ey e(w) Flg) F(u)Ty.
Moreover g~ 1 F(g) = w(T) € W, so that

P ewhguTy) = 3 e(w)gu(T)F(w)Ty

weW weWw

ew(T)) Y e(w(T)F(w))gw(T)F(w)Ty

weWw

= e(w(T)) Y elw)guTy

weW

e(T) Y e(w)guTy. O

weWw

We may now give geometric interpretations of (7.3) and (7.9).

(7.13) Theorem. Let S, be the local system on the variety T of maximal tori of
G described above. For X € &% let

TX ={T €T|LieT>X} and
Tx = {T € T|(Lie T,X) = 0}.

Then we have
(1) X (=D)tr(F, HA(T™,S)) = Ste(X)
. ) 0 unless X is nilpotent

i (=1)"tr(F,H(7Tx,S:)) =

(i) 22 (1) o(Tx, ) {qN if X is nilpotent.
Proof. This statement is just a combination of the results (7.3) and (7.9) taking
account of the fixed point theorem (7.10). The trace of F on the stalks of S, is
given by (7.12). O

We observe finally that the local systems S, (x € W) exist in any characteristic.
The result (7.13) therefore opens the possibility of studying a “Steinberg function”
for (e.g.) a real Lie group.
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